3.21 Contact Ratio

To assure smooth continuous tooth action, as one pair of
teeth ceases contact a succeeding pair of teeth must already
have come into engagement. It is desirable to have as much
overlap as possible. The measure of this overlapping is the
contact ratio. This is a ratio of the length of the line-of-action
to the base pitch. Figure 3-3 shows the geometry. The
length-of-action is determined from the intersection of the
line-of-action and the outside radii. For the simple case of a
pair of spur gears, the ratio of the length of-action to the
base pitch is determined from:
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It is good practice to maintain a contact ratio of 1 .2 or
greater. Under no circumstances should the ratio drop below
1.1, calculated for all tolerances at their worst-case values.

A contact ratio between 1 and 2 means that part of the
time two pairs of teeth are in contact and during the
remaining time one pair is in contact. A ratio between 2 and
3 means 2 or 3 pairs of teeth are always in contact. Such a
high contact ratio generally is not obtained with external
spur gears, but can be developed in the meshing of an
internal and external spur gear pair or specially designed
nonstandard external spur gears.

More detail is presented about contact ratio, including
calculation equations for specific gear types, in SECTION
11.
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Fig. 3-3  Geomelry of Contact Ratio

3.3 The Involute Function

Figure 3-4 shows an element of involute curve. The
definition of involute curve is the curve traced by a point on
a straight line which rolls without slipping on the circle. The
circle is called the base circle of the involutes. Two opposite
hand involute curves meeting at a cusp form a gear tooth
curve. We can see, from Figure 3-4, the length of base
circle arc ac equals the length of straight line bc.

tana =_bc = rp8 = 6 (radian) (3-5)

Oc rp

The q in Figure 3-4 can be expressed as inva + a, then
Formula (3-5) will become:

inva = tana - a (3-6)

Function of a, or inva, is known as involute function. Involute
function is very important in gear design. Involute function
values can be obtained from appropriate tables. With the
center of the base circle 0 at the origin of a coordinate
system, the involute curve can be expressed by values of x
and y as follows:
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Fig, 3-4 The Involute Curve

SECTION 4 SPUR GEAR CALCULATIONS

4.1 Standard Spur Gear

Figure 4-1 shows the meshing of standard spur gears. The
meshing of standard spur gears means pitch circles of two
gears contact and roll with each other. The calculation
formulas are in Table 4-1.

Fig. 21
=207, 2,=12, Z,=24, X, = X, =0}

Thie Meshing of Standard Spur Gears

342



Table 4-1 The Calculation of Standard Spur Gears
No. Item Symbol Formula — Example
Pinion | Gear

1 Module m 3

2 Pressure Angle a 200

3 Number of Teeth z1, z2* 12 | 24

B3

4 Center Distance a Q1+7222m 54.000

5 Pitch Diameter d zm 36.000 72.000
6 Base Diameter dp d cos a 33.829 67.658
7 |Addendum ha 1.00m 3.000

8 |dedendum hf 1.25m 3.750

9 Outside Diameter da d + 2m 42.000 78.000
10 |Root Diameter ds d-2.5m 28.500 64.500

* The subscripts 1 and 2 of z1 and z2 denote pinion and gear.
All calculated values in Table 4-1 are based upon given
module - in and number of teeth zq and z If instead module

m, center distance a and speed ratio i are given, then the
number of teeth, z1 and z>, would be calculated with the

formulas as shown in Table 4-2.
Table 4-2 The Calculation of Teeth Number

4.3 undercutting

From Figure 4-3, it can be seen that the maximum length
of the line-of-contact is limited to the length of the common
tangent. Any tooth addendum that extends beyond the
tangent points (T and T') is not only useless, but interferes

[No. Item Symbol Formula Example |with the root fillet area of the mating tooth. This results in
1 |Module m 3 the typical undercut tooth, shown, in Figure 4-4. The
- undercut not only weakens the tooth with a wasp-like waist,
2 |Center Distance a 54.000 |pyt also removes some of the useful involute adjacent to the
3 |Speed Ratio i 0.8 |pase circle.
4 |Sum of No. of Teeth | Z1+22 Lni 36 i -~
- [ AR o N
+ + ’ -
5 [Number of Teeth | z1, zp [(Z1+Z2H(ZIE2) 0 5 T g
i+1 i+1 = P,
T\i' 1 __F_;"'\j ;
Note that the numbers of teeth probably will not be integer W s o WE e Langih-ol-Acticn

values by calculation with the formulas in Table 4-2. Then it is
incumbent upon the designer to choose a set of integer
numbers of teeth that are as close as possible to the
theoretical values. This will likely result in both slightly
changed gear ratio and center distance. Should the center
distance be inviolable, it will then be necessary to resort to
profile shifting. This will be discussed later in this section.

4.2 The Generating Of A Spur Gear

Involute gears can be readily generated by rack type
cutters. The hob is in effect a rack cutter. Gear generation is
also accomplished with gear type cutters using a shaper or
planer machine.
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Fig. 4-4

Example of Undercul
Siandard Design Gear
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From the geometry of the limiting length-of-contact (T-T',
Figure 4-3), it is evident that interference is first
encountered by the addenda of the gear teeth digging into
the mating-pinion tooth flanks. Since addenda are
standardized by a fixed value (hg = m), the interference

condition becomes more severe as the number of teeth on
the mating gear increases. The limit is reached when the
gear becomes a rack. This is a realistic case since the hob is
a rack-type cutter. The result
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is that standard gears with teeth numbers below a critical
value are automatically undercut in the generating process.
The condition for no undercutting in a standard spur gear is
given by the expression:

WMax addangum = h, = .-';,r G e

and the minimum numbar of taelh i5; (4-1)
2
.!'EI-I'i'-H
This indicates that the minimum number of teeth free of
undercutting decreases with increasing pressure angle. For
14.5¢ the value of z¢ is 32, and for 200 it is 18. Thus, 20g S———
pressure angle gears with low numbers of teeth have the FINER O 00

advantage of much less undercutting and, therefore, are both
stronger and smoother acting.

Undercutting will get worse if a negative correction is applied, See
Figure 4-7.

4.4 Enlarged Pinions

Undercutting of pinion teeth is undesirable because of
losses of strength, contact ratio and smoothness of action.
The severity of these faults depends upon how far below z,

the teeth number is. Undercutting for the first few numbers is
small and in many applications its adverse effects can be
neglected.

For very small numbers of teeth, such as ten and smaller,
and for high-precision applications, undercutting should be
avoided. This is achieved by pinion enlargement (or

correction as often
termed), wherein
the pinion teeth, still
generated with a
standard cutter, are
shifted radially
outward to form a
full involute tooth
free of undercut. The
tooth is enlarged
both radially and
circumferentially.
Comparison of a

Fig. 47  Theo Ganaraiing of Negative
Shitted Spur Gear
Base Cincle for=20°. =10, x=-05]

1 = Pitch Cirche

The extra feed of gear cutter (xm) in Figures 4-6 and 4-7 is the
amount of shift or correction. And x is the shift coefficient.

tooth form before The condition to prevent undercut in a spur gear is:
and after Fig. 4-5 Comparison of Enlarged and
enlargement is Undercut Standard Pinian m - xm £ zm sin2a (4-2)
shown in Figure |1 3 Taelh, 20" Prossura P-I'lghi" 2
4-5. Fing Pilch Standasd) The number of teeth without undercut will be:
zc = 2(1 -x) (4 -3)
4.5 Profile Shifting sin2a
The coefficient without undercut is:
As Figure 4-2 shows, a gear with 20 degrees of pressure x=1-zc 2sin?a (4-4)
angle and 10 teeth will have a huge undercut volume. To 2

prevent undercut, a positive correction must be introduced. A  Profile shift is not merely used to prevent undercut. It can be
positive correction, as in Figure 4-6, can prevent undercut used to adjust center distance between two gears.
If a positive correction is applied, such as to prevent undercut in
— a pinion, the tooth thickness at top is thinner.

| Bk Farrn Tool Table 4-3 presents the calculation of top land thickness.
BNl Table 4-3 The Calculations of Top Land Thickness
[ [No.[ Item [Symbol Formula Example
| Pressure m = 2,a = 209,
angle at -1 z =16
I 1 loutside | aa [©°° (gb) x = +0.3,d = 32
| circle of a dp= 30.17016
| gear da= 37.2
Half of aa= 36.066160
[ top land & dxtane ) — 0.09883
| 2 angle of ) 2:_' ' --_-d ''''' LTV = W) !nV(}a— . 5
outside radian)  [inva = 0.014904
| circle ((p0=012.58998315:’j_ )
et Top land .027 radian
3 lthickness| ~a [%da Sa = 1.03762

Fig, 4-5 Genarating of Positive
Shitted Spur Gear

[ef = €07, &= 142 X 111, 15])
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4.6 Profile Shifted Spur Gear

Figure 4-8 shows the meshing of a pair of profile shifted
gears. The key items in profile shifted gears are the
operating (working) pitch diameters dw and the working
(operating) pressure angle aw

These values are obtainable from the operating (ori.e.,
actua center distance and the following formulas:

d,.=2a,
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In the meshing of profile shifted gears, it is the operating
pitch circles that are in contact and roll on each other that
portrays gear action. The standard pitch circles no longer are
of significance; and the operating pressure angle is what
matters.

A standard spur gear is, according to Table 4-4, a profile
shifted gear with 0 coefficient of shift; that is, x1=x2=0.

Table 4-5 is the inverse formula of items from 4 to 8 of
Table 4-4.

There are several theories concerning how to distribute the
sum of coefficient of profile shift, x1 + x2, into pinion, x1,
and gear, x2, separately. BSS (British) and DIN (German)
standards are the most often used. In the example above,
the 12 tooth pinion was given sufficient correction to prevent
undercut, and the residual profile shift was given to the

Fig. 4-8 The Meshing of Profile Shifted Gears mating gear.
foe20°, e 18, Fos 24, 2, = 40.& 5, = +0 I8}
Table 4-4  The Calculation of Positive Shifted Gear (1)
l Example
| No ltem Symbol | Formula r— — |
Pinion Gear
1 |_MG{$IJ|E - m |_ 3 |
2 Pressure Angle i I 20°
3 Number of Teeth Zy Z; . 24 |
4 Cuerllmﬂnt of Prolile Ehlﬂ X X3 | 0.6 . 0.36
| 5 Jnvﬂlut& Function o, Inv a, '2 lana ( ) +inV | 0.034316 |
6 iWurHing Pressure A:gle _ T u__‘Fnul;anm Table | 260886° |
7 Center Distance Increment Factor EAT = ( B - 1) | 0.83329
|_ ‘ N M F_ i _E _EQE&I."!'_ —g - — ——— |
8 |Center Dislance | a, (‘?: ; A2y y)m 56.4999
| 9 |PitchDiameter | d zm | 36000 72000
10 Base Diameter d, | dcosa | 3. 3259 67.6579
I —d. =
11 |Waorking Pitch Diameter d, cnsr-‘ " 37.667 75.333 |
- ' Ry {1 +y—x_,]m— BB B
‘ 12 |Addsndum | h, (1+y—x)m 4.420 [ 3.?1;:{}
13 Whole Depth - | h _[_:_;*:25 +y-(x+ x;}_]_m 6.370
| 14 ]Duts1de Diameter - | d, 1-.':1 +2h, 44,840  79.400
15 | Root Diameter | d |d.-2h | 82100 | 66.660 |
_ - Tahl_a 4-5 _Tha E!culatinn of Positive Shifted Gear (2)
' No. | item |Symbol Formula | Example '
1 _Cerﬂ_er Dislaﬁe - | & ~ 56.4999
I a, Z,+ Z
2 !Canter Distance Increment Far::mi y | e - ; 2 0.8333
; L ] :l.IJ..JI,:.___ [ S s L_:l; - JJ- | ﬂ..ﬁ& II-{"':"I.r +_zg}ﬂﬂ5ﬂ 1 J (s Tallalalulasd |




| =2 | ¥WOTRING Fressung Arge | bod lm L 2.'!" +Z. + 2‘; j| ] PLURT = o o]

| i [ P : -

| 4 Sum of Coefficient of Profile Shift| , + x; (2, + ;) ‘2":::;" Lo 0.9600

|_5 ?C_Deﬂ'u:ient of Profile Shift x,, Xs 0.6000 0.3600
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